A theoretical treatment of the Stark effect based on the quantum-defect theory and the WKB method, which was recently developed for alkali atoms by Harmin, is generalised to include ion cores of any state. Also investigated is the effect of an electric field on electron-ion resonance scattering. The present theory serves also as an extension of the multichannel quantum-defect theory developed by Seaton and his co-workers to the theory of an electron-ion system under the influence of an external electric field. Numerical calculations of some simple problems are performed.
Introduction
Recently, great interest has been concentrated on the subject of highly excited atoms in a uniform electric field (Kleppner et al 1983) . Owing to the small energy difference between adjacent states with different principal quantum numbers n, highly excited states are easily mixed by a relatively weak electric field, and it is possible to investigate the higher-order Stark effect. Furthermore, the field ionisation method is a useful experimental technique to detect a highly excited atom (Dunning and Stebbings 1983) . It is important to know the ionisation threshold and the Stark level structure. Autoionisation of the doubly excited state and dielectronic recombination are greatly influenced by an electric field (Freeman and Bjorklund 1978 , Safinya er a1 1980 , Jaffe et a1 1984 , Dunn er a1 1984 . Theoretical developments of this problem are definitely required.
For hydrogenic atoms in an electric field, the product of the electric field vector and a generalised Runge-Lenz vector is exactly conserved (Redmond 1964) . The system has a so-called dynamical symmetry. Owing to this fact, the Hamiltonian of the hydrogenic atom in an electric field is separable in parabolic coordinates (Bethe and Salpeter 1977) . In the case of highly excited atoms which are not hydrogen-like, the excited electron feels a different field from the Coulomb plus electric fields in a core region. Because of this difference from the hydrogenic case, the Hamiltonian is not entirely separable. Zimmerman et al (1979) calculated the Stark levels of an alkali metal by using a method of spherical basis expansion, and succeeded in explaining the observed complex Stark level structure. However, this method requires very many terms of the expansion as n or the strength of the electric field increases.
An elegant way to avoid a tedious calculation was suggested by Fano (1981) . In the core region, where the electric field is usually negligible, we can use the quantumdefect theory based on the spherical basis. At large distances from the core, only the Coulomb plus electric fields are present. The motion of the excited electron is separable in parabolic coordinates in this region. A proper frame transformation can connect the spherical and the parabolic bases. Although the motion in the Coulomb plus electric fields is not solved in closed form, a W K B approximation is useful to know the analytical property of the wavefunction. Harmin (1982) applied this idea to the photoabsorption of an alkali metal in an electric field. He calculated a continuous spectrum because all the Stark states have continuous energies. Furthermore, Harmin (1984) calculated the Stark energy level of the alkali metal. Although Harmin's work is an excellent approach to the problem of the Stark effect, his theory is restricted only to an alkali metal with a closed-shell core. In the present paper, we extend Harmin's theory to the general case where an ion core is in an arbitrary state. As a result, we can easily investigate the Stark energy level of any Rydberg atoms and the effect of an electric field on the doubly excited autoionising state (or electron-ion resonance scattering). Thus, the present theory is also an extension of the multichannel quantum-defect theory developed by Seaton and his co-workers (Seaton 1983) to the theory of an electron-ion system under the influence of an external electric field.
In the presence of an electric field, all the discrete Stark states are quasibound states embedded in the continuum. In order to apply the multichannel quantum-defect theory to the present case, we must give a boundary condition for the quasibound Stark state. Harmin (1984) defined the quasibound energy level as the centre of the resonance peak in thz continuous photoabsorption spectrum. However, this treatment is not convenient for the present extension. Here, we define the condition of the quasibound state by imposing an appropriate boundary condition in the barrier region that is made by the Coulomb plus electric fields. For this purpose, the generalised W K B method developed by Miller and Good (1953) is very useful. Then, the construction of the theory is easily performed along the lines of the treatment of the usual multichannel quantum-defect theory (Seaton 1983 ).
For convenience, Harmin's theory is reformulated in 0 2 in a simpler manner and with a little modification. We consider the addition of an important normalisation factor, which was dismissed in Harmin's paper. Furthermore, the analytical behaviour of the wavefunction in the barrier region is derived in this paper for the first time. This is very important for the multichannel quantum-defect theory formulated in § 3. A general formula is obtained in § 3 for the calculation of the Stark energy level of any Rydberg atom. The influence of an electric field on the resonance scattering of electrons from ions is also discussed in § 3. We derive a general expression for a reactance matrix in which the Stark effect of the resonance state is explicitly considered. Numerical results of some simple problems are given in § 4. Stark energy levels of Li and K are calculated. A model calculation for the resonance scattering is performed.
Outline of Harmin's theory with some modifications
Because only the Stark effect of the bound state is taken into account, the negative energy of the electron is assumed. Atomic units are used unless otherwise stated.
W K B solutions
We consider electron motion in the Coulomb plus uniform electric fields, whose potential is
where the direction of the electric field F is chosen to be the z axis. The Schrodinger equation is separable in parabolic coordinates (6, 77, 4 ) which are related to the polar coordinates (r, 8, 4 ) by
we obtain the separated form of the differential equations for f and g (Bethe and Salpeter
1977)
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where p is the separation constant, m the magnetic quantum number, and E the energy of the electron. Although they are one-dimensional problems, equations (3) cannot be solved in closed form. In the present work, the WKB approximation is used to calculate the eigenvalue and to inspect the behaviour of the wavefunction in various regions. Without loss of generality, m is taken to be non-negative. The factors N, and N,, are uniquely determined by imposing the conditions that f( 6 ) and g ( 77) have the forms (4b) and (5b), respectively. Harmin (1981) derived N,, in the form
Effective potential energies and respectively, for € and ' 7 motion. In this example, V ( 7 ) has a local maximum, and a quasibound motion is possible.
where v is the effective quantum number defined by
and T(x) is a gamma function. Harmin disregarded the factor N E . However, this factor should be taken into account to define a frame transformation (see B 2.2). N f is given by the replacement p --z 1 -p in (6). The factor C is the proper normalisation constant of the bound-type wavefunction f( 6). Luc-Koenig and Bachelier (1980) give We can analytically continue the solution (56) to the region 7 >> 7, (including also the turning points vb, 7, and the tunnelling region vb < 7 < 7,) by using the generalised WKB method (Miller and Good 1953) . The generalised W K B solution that has the expression ( 5 b ) at va<< 7 << 7 b is (Rice and Good 1962, Harmin 1981) where the variable 7 is mapped into p by
?h with Q2(p) = a p 2 -a 2
?a
In equation ( For later discussions, we need another independent (irregular) solution g ( 7 ) of (3b).
The WKB approximation of g ( 7 ) is defined by a replacement of a sine function with a cosine function in (56). The generalised WKB solution similar to (9) is The 6 motion is bound. The Bohr-Sommerfeld quantisation rule gives
where n , is a non-negative integer. From (18), the separation constant p takes a discrete value at a fixed energy.
Frame transformation
From ( The wavefunction $O( @ m ) can be expanded in terms of the spherical Coulomb function +bo( Elm) = her( r ) &,,( 0, qb) , where the radial function her( r ) is chosen to satisfy the normalisation condition per unit energy range at v = n ( n being an integer). Thus, we have
I
In the special case of v = n, X P l ( e m ) is reduced to (Hughes 1967) where ( j A + j A -l lm) is the Clebsch-Gordan ( C G ) coefficient and
For v # n and an arbitrary p, Fano (1981) showed that XPl(Em) can be given by an analytical continuation of the CG coefficient with real arguments. We define the frame transformation matrix UP,( FEm) by
$(FE"
=c Upl(FEmMO(Elm) r<< F -1 / 2 . The outer boundary, r, = F-'12 , for equation (25) is very far below the usual experimental condition (e.g. r, -2000 au for F = 1 kV cm-I). Therefore, we can use the frame transformation (25) over a wide region. It should be noted that the frame transformation matrix (26) is not orthogonal except at F = 0.
Next, we consider the irregular Coulomb function qo( Elm) and the parabolic irregular function $( FEpm), where
As was discussed by Harmin (1982), we can show that the irregular functions are transformed as
where U' is the transposed matrix of U. Harmin (1982) imposed a different normalisation condition for g( 7). However, the difference is not essential. We can derive the same result obtained in the next section whether we use the present or Harmin's normalisation condition.
Multichannel quantum-defect theory
Quasibound Stark state
We develop a multichannel theory following Seaton (1983) . We consider an electron moving around an ion core, which is not necessarily a point charge, under an applied field.
3.1.1. Frame transformation of R matrix. We write a solution of the Schrodinger equation for the system with total energy E(<O) at r >> r, (ro being the radius of the core) as where Y, denotes the wavefunction of the core in its state y, and the electric field is assumed to have no effects on the core state. For simplicity, we omit the spin variable and the antisymmetrisation of electrons. At r >> r,, only the Coulomb and the electric fields are present. Thus, a solution G for the electron motion can be expressed as a linear combination of + ( F @ m ) and $ ( F @ m ) with E = E -E , ( E y being the energy of the core with respect to the ground state):
The coefficient R is determined by the smooth connection of G to an inner ( r < ro) solution at the core boundary. Generally, the electron-core interaction mixes the p or m channels. Therefore, R is non-diagonal with respect to p and m. When r << F-"2, we can express a solution for the present system also in terms of the spherical Coulomb functions:
Ro is the usual R matrix defined in the quantum-defect theory (Seaton 1983 by UG', summing over p, and using (25) and the inverse relation of (28), we obtain
The right-hand side of (32) has the same expression as (31). Thus, (32) is identical to Q 0 ( y p m ) , and we define the frame transformation of the R matrix by It should be noticed that the present approach is applicable only at electric fields such that F-"2 >> r,. 
1 where i ( a n d j ) abbreviates y, p and m, and L is a constant column vector. Notice that the functions g ( v ) and g(7) have the forms (15) and (17) 
Efects of electric jield on resonance scattering
We consider resonance scattering of electrons from .ions. When the incident energy of the electron is somewhat below the excitation threshold of the ion, the electron may be trapped in a Rydberg state (nl) with an excited ion. This doubly excited state decays by re-emitting the electron in a finite lifetime. This process corresponds to resonance scattering, which is well described in terms of the multichannel quantumdefect theory (Seaton 1983) . If the resonance state is a highly excited Rydberg state, resonance scattering is expected to be significantly influenced by the presence of an electric field. Here, we apply the present theory to electron-ion resonance scattering under the influence of an electric field. Consider an experimental apparatus in which the collision region is centred between two parallel plates separated by a distance d. Then, the maximum potential of the electric field is Fd. Here, we assume that the collision energies of the incident and scattered electrons are much larger than IFdl. Then, we can neglect the Stark effect for the free electron, and its motion can be well described in terms of the spherical basis. On the other hand, we fully take into account the Stark effect of a Rydberg electron in a resonance state. (As in 0 3.1, the distortion of the ion state by the electric field is assumed to be negligible.)
We write a solution of the Schrodinger equation for electron-ion scattering in a form similar to (29). Here, both cases E < 0 and E > 0 are possible. The function G with E < O can be given by (30) except that the total energy E is positive. For the continuum state ( E > 0) of the electron, we can have the following solutions (Seaton 1983) : when E ' < 0 and E > 0, we have For the continuum state, we adopt the polar-coordinate representation. The matrix R' is transformed from R o by
We take a linear combination of G in a similar way to (34). Then, following the method of Seaton (1983) The second term of (45) 
Numerical results of some simple problems
Stark levels of alkali metals
In order to see the validity of the present method, we calculate some Stark energy levels of alkali metals, and compare them with the accurate quantum-mechanical calculations by Zimmerman et a1 (1979) . To evaluate the determinant (40), we must perform the integrals (8), (12) , (13) and (18). These integrals can be expressed in terms of elliptic functions (Harmin 1981) , and are easily evaluated. In figure 2 , we show the left-hand side of (40) (matrix determinant) as a function of energy. Zero points of the matrix determinant correspond to the quasibound energies. Figure 3 Energy (cm-') Figure 2 . Determinants of the matrix cot A, S,, -R,, for potassium, m = 1, as a function of energy. The field strength is F = 3 kV cm-'. The energy indicates the negative energy measured from the ionisation threshold in the limit of F = 0. The level identification for some zero points is shown. 
Resonance scattering
Next, we present a model calculation for resonance scattering. We consider two states ( y = 1 and 2 ) of the ion and the case where the incident energy of the electron is less than the threshold of the y = 1 + 2 excitation. Furthermore, for simplicity, we assume that only the s-wave ( I = 0) electron can excite the ion and be trapped into the s state of the Rydberg atom. Then, the off-diagonal parts of the Ro matrix with respect to y vanish unless 1 = 0.
Because only elastic scattering occurs, the reactance matrix is expressed in terms of the phaseshift. We denote the s-wave phaseshift by K . Then, the s-wave reactance matrix is equal to tan K , and equation ( 
(46)
In the present model, the scattering matrix is obtained from Y = e x p ( 2 i~) , and the (s-wave) elastic cross section is proportional to 11 -91' .
In the vanishing field limit, as is discussed in 5 3.1.3, we can easily show that ( for F f 0.) In the present model, the Rydberg state ( m = 0) with 1 = 1, . . . , n -1 of the trapped electron cannot contribute to the resonance at F=O. However, when the electric field is present, these n -1 states are coupled with the s state (the Stark mixing of the angular momentum). As a result, all the n states (including the s state) can have characteristics of the resonance s state. As the field strength increases from zero, first this 1 mixing is important. At a strong field, the Rydberg states with different n are also mixed. All these facts are represented as the mixing of the p channels in (46). shows the resonance near the incident energy of E = E2 -E l -2.3 x au in the absence of an electric field. The peak shown corresponds to the resonance through the 15s Rydberg electron trapped in the excited ( y = 2) ion. The lower two parts in figure 4 show the resonance profile at finite field strengths.
Because R~oo,200 is not zero, the ns Rydberg state in the resonance has a non-zero quantum defect. Therefore, there is an energy difference between the ns and nl ( I 2 1) Rydberg levels with y = 2. (The energy of the nl levels is just equal to the hydrogenic one E = E2 -El -1/2n2 because of their vanishing quantum defect.) Owing to this energy difference, the Stark mixing between the ns and nl ( I 2 1) states is not strong provided that the field strength is small. The middle part of figure 4 shows a case of relatively weak field strength ( F = 1 kV cm-I). There, 14 other states within the n = 15 manifold also have a slight characteristic of the resonance s state because of the weak Stark mixing, and appear as narrow sharp peaks. As the field strength increases, the degree of Stark mixing increases. In this case (the lowest part of figure 4 for F = 2 kV cm-I), we can no longer indicate which peak mainly possesses the intrinsic s-state character. In fact, the widths of all the resonance peaks are of nearly the same magnitude. Figure 5 shows the halfwidth and the peak position of the intrinsic (s-wave) resonance as a function of field strength. The ns resonance position at F = 0 lies on the lower-energy side of the hydrogenic nl (1 2 1) levels. Thus, with increasing field strength, the peak of the intrinsic ns resonance is shifted to a lower energy as a result of Stark mixing. If the ns resonance at F = 0 lies on the higher-energy side of the nl ( 1 3 1) levels, then the peak of the ns resonance at F # 0 is shifted to a higher energy. This behaviour is just the same as the Stark shift seen in the Stark effect of alkali metals (Zimmerman et a1 1979) .
The magnitude of the resonance width is related to the degree of s-state character that the resonance state possesses. Therefore, as the field strength becomes large, the widths of the nl (I 3 1) resonances increases while that of the ns resonance decreases.
In the weak-field region ( F < 1 kV cm-I), the width can be expressed in the form A-BF', where A and B are constants. This dependence on F is expected by perturbation theory, as shown by Hickman (1984) . However, the dependence of the width on F is not simple at strong field strengths. The present theory can be used to investigate the behaviour of the resonance profile not only at weak but also at strong field strengths.
Summary and discussion
We formulate the theory of the Stark effect for an arbitrary Rydberg state using the multichannel quantum-defect theory. We applied the theory to some simple cases such as numerical examples. If we know the matrix Ro, a calculation for any complex system can be easily performed.
For resonance scattering, we have neglected the Stark effect on the incident and scattered electrons (and the continuum state is described in polar coordinates). In order to take this effect into account, we must treat the continuum state of the electron in parabolic coordinates. Furthermore, it is necessary to take into account an arbitrary direction of the incident electron in parabolic coordinates. (We choose the electric field direction as the z axis.) This treatment is not easy and remains to be done.
Recently, Bell and Seaton (1985) developed an ab initio theory of dielectronic recombination. Combining their and the present theories, we can deal with the effect of an electric field on dielectronic recombination. The present theory can be easily applied to photoabsorption to a doubly excited autoionising state under the influence of an electric field. These subjects will be studied in a subsequent paper.
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Appendix. Parabolic cylinder functions
We consider the differential equation, 
